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Abstract 

The usual action of Yang-Mills theory is given by the quadratic form of curvatures of a 
principal G bundle defined on four dimensional manifolds. The non-linear generalization 
which is known as the Born-Infeld action has been given. 
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In this paper we give another non-linear generalization on four dimensional manifolds 
and call it a universal Yang-Mills action. 

The advantage of our model is that the action splits automatically into two parts 
consisting of self-dual and anti-self-dual directions. Namely, we have automatically the 
self-dual and anti-self-dual equations without solving the equations of motion as in a 
usual case. 

Our method may be applicable to recent non-commutative Yang-Mills theories studied 
widely. 

1 Introduction 

The purpose of this paper is to develop a universal Yang-Mills theory on four dimensional 
manifolds. 

The Yang-Mills theory is a fundamental one in elementary particle physics and there is 
nothing added furthermore. See also [2] and [3] as a part of history. We are interested in some 
non-linear generalizations of it. One of them is well-known as the Born-Infeld theory jlj. 

However, we have a dissatisfaction at the model and so we present another non-linear 
generalization. Our action is related to a Chern character for a curvature matrix denned in the 
text, while the Born-Infeld one is related to a Chern class for it. Concerning a brief introduction 
of the Chern theory [Sj is recommended. 

In the Yang-Mills theory instantons and anti-instantons [H] which are solutions of the self- 
dual and anti-self-dual equations play a central role. 

The typical characteristic of our model is that the action splits automatically into two 
parts consisting of self-dual and anti-self-dual directions without solving the equations of 
motion as in a usual case. We hope that our theory may change a framework of unified gauge 
theory. 

Although our method in this paper is restricted to four dimensional manifolds because 
of some technical reasons, it must be extended to higher dimensional cases (maybe, 4n- 
dimensional manifolds). Moreover, it may be applicable to non-commutative Yang-Mills the- 
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ories studied vigorously, see for example [7j, [H|. However, it is beyond our scope in the paper. 
Further study will be required. 



2 Mathematical Preliminaries 

We make brief mathematical preliminaries within our necessity for the latter convenience. See 
jS] for more detailed descriptions. In the following we consider the C°° category, namely C°°- 
manifolds, C°°-maps, etc. 

Let M be a four dimensional manifold and G a classical group, in particular, U(l) and 
SU(2). We denote by {G, P, vr, M} a principal G bundle on M 

7T : P — ► M, 7r _1 (m) = G. 

We consider a theory of connections of the principal G bundle, so let g be the Lie algebra 
of the group G. In the following we treat it locally, which is enough for our purpose. Let U be 
any open set in M, then a connection {A^} (a gauge potential) is 

A,:U ^ g 
and the corresponding curvature {F^} is given by 

^ = ~dx + ^ ^ df,,A u - dvAp + [Ap, A v \. 

We note that 

F ■ U > a F = -F 

For a map <fi : C/ — > G, a gauge transformation by <fi is defined by 

A„ — > + 

and the curvature is then transformed like 
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3 Universal Yang— Mills Action : Abelian Case 



In this section we consider the abelian case G = U(l), which gives us a prototype. For that let 
us define a curvature matrix 

/ n r, „ „ \ 






F\2 


F13 


Fu 







F23 


F24 


F l3 


— -^23 





F34 


F u 


— F24 


—-^34 






The abelian Yang-Mills action Aym ([1J 1 is given by 

A YM = \tx{gTf = -g 2 Y,Fi 

A i<j 



(2) 



where g is a coupling constant. 

This model is very well-known and there is nothing added furthermore. We are interested 
in some non-linear generalization(s) of it. 

A non-linear extension of the abelian Yang-Mills is known as the Born-Infeld theory ([4 ) 
whose action Abi is given by 

Abi = yJdet(U + gF) (3) 

where g is a coupling constant. 

As to this model and its generalizations to non-abelian groups there are a lot of papers. 
However, we don't make a comment in this paper. 



Since we have a dissatisfaction at the model we present another non-linear extension. Its 
action A is 

A FOS = tr (4) 

where g is a coupling constant 2 . We want to call it a universal Yang-Mills theory 

1 it may be suitable to call it the Maxwell action 
2 we can completely determine e 9r itself, see 
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Let us calculate the right hand side of (J3J. For that we must calculate the characteristic 
polynomial of gT . It is not difficult to show 

0=\\E-gF\ 



A 


-gFu 


-gF 13 


-gFu 


gF\2 


A 


-gF 23 


-gF 24 


gF 13 


gF 2 3 


A 


-gF 34 


gFu 


gF 24 


gF 34 


A 



= A 4 + g 2 (f 2 2 + F 2 3 + Fl + F 2 + F| 4 + F 3 2 4 ) A 2 + g 4 (F 12 F 34 - F 13 F 24 + F 14 F 23 ) 2 . (5) 

We set t = A 2 for simplicity. Then 

t 2 + g 2 (F 2 2 + F 2 3 + F 2 A + F 2 3 + F 2 4 + F 2 4 ) t + g 4 (F 12 F U - F 13 F 2A + F 14 F 23 ) 2 = 0. 

Next let us calculate the discriminant. 

D = g* (F 2 2 + F 2 3 + F 2 4 + F 2 3 + F 2 4 + F 2 4 f - 4g 4 (F 12 F U - F 13 F 24 + F 14 F 23 ) 2 
= g 4 {F 2 2 + F 2 3 + F 2 4 + F 2 3 + F 2 4 + F 2 4 - 2{F l2 F 34 - F 13 F 2A + F 14 F 23 )} x 

|F 2 2 + F 2 3 + F 2 4 + F 23 + F 2 \ + F 34 + 2(Fi 2 F 34 — F 13 F 24 + F 14 F 23 )} 
= g 4 {(F 12 - F 34 ) 2 + (F 13 + F 24 ) 2 + (F u - F 23 ) 2 } x 

{(F 12 + F 34 ) 2 + (F 13 - F 24 ) 2 + (F u + F 23 ) 2 } . 

If we set 

X 2 d = (F 12 - F 34 ) 2 + (F 13 + F 24 ) 2 + (F u - F 23 ) 2 , (6) 
K sd = (F12 + F 34 ) 2 + (F 13 - F 24 ) 2 + (F u + F 23 ) 2 (7) 

then 

F> = g 4 X 2 d X 2 sd . 

It is easy to see 

x lsd + x sd = 2 (F 2 2 + F 2 3 + F 2 4 + F 23 + F 24 + F 3 2 4 ) , 
X asd - X sd - 4 0^12^34 - F i3 F 24 + F i4 F 23 ) , 
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so 



Y 2 I y 2 ( Y 2 — Y 2 \ 2 

.2 i „2 ^sd ' yv asd + , 4 l^-asd ^asd) 



16 

From this we have 



, '2 I ^sd "T ^asd , ^sd^-asd I </ / , ^ 2 , ^2 N _l_ o V V \ 
*± - # <j J ± 2 f - J + A asJ ± ^sd^asdj 



—J {( X sd + x lsd) T 2X sd X asd j = —— (X sd =f X asa " 2 



therefore 



Ai — i^(X sd + X asd ), A 2 — —i^(X sd + X asd ), 

X 3 = i 9 -(X sd -X asd ), X 4 = -z 9 -(X sd - X asd ) (8) 



because of A 2 = t. 
As a result we obtain 

Afqs = tr e 9 ^ 



= e Al + e A2 + e A4 + e A4 

n / X sd + X asd \ ( X sd — X asd 
= 2 cos [g I + 2 cos \g 

= 4 cos (y^r) cos (g-rfy ■ ( 9 ) 

It is very notable that 

X sd = <=^> F l2 = F u , F 13 = -F u , F u = F 23 <^ {F i3 } is self-dual, (10) 
X asd = 0^F 12 = -F 34 , Fi 3 = F 24 , F M = -F 23 {Fi,} is anti-self-dual. (11) 

The characteristic of our model is that the action (JHJ) splits automatically into two parts 
consisting of self-dual and anti-self-dual directions. Namely, we have automatically the 
self-dual and anti-self-dual equations without solving the equations of motion as in a usual 
case. 
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Last in this section let us make an important comment on the action Since the target 
(as a map) of curvatures {-FV,} is the Lie algebra u(l) = \J — 1R it may be appropriate to write 
Fij = \J — IGij. Then (JHl) is changed into the more suitable form 

Afos = 4 cosh (g^j cosh [g^f>j (12) 

with 

Y 2 d = (G 12 - G u ) 2 + (G 13 + G 2A f + (G u - G 23 ) 2 > 0, (13) 

Yasd = (G12 + G u ) 2 + (G13 - G 24 ) 2 + (G14 + G 23 ) 2 > 0. (14) 

The same thing will hold for non— abelian cases in the following. 



4 Universal Yang— Mills Action : Non— Abelian Case 

In this section we consider the non-abelian case G = 577(2). From the form in it is natural 
to conjecture 

A F os = 4 tr cos (#4r) cos (#~y^) ( 15 ) 

where 



X 2 d = (F 12 - F 34 ) 2 + (F 13 + F 24 ) 2 + (F u - F : 



2.3 J 



Xld = (F12 + Fu? + (F 13 - F 2A f + {F u + F. 



23; 



(16) 
(17) 



However, a natural question arises. What is a curvature matrix giving (fTK|) as a result ? This 
is not an easy problem. 

As a first trial we generalize (0) as 



^ 2 F 12 F 13 F u ^ 

— F12 2 F 23 F 24 

—F13 —F 2 3 2 F34 

— Fu — F 24 — F34 2 j 



;is) 
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where 



Fij = F} fx + F 2 a 2 + F*a 3 : U C M — > sw (2) 



(19) 



with the Pauli matrices {(71,(72,(73} defined by 





f 


1^ 




f 


-i\ 




(1 


\ 


(7i = 




















I 1 






V 1 


° y 




1° 


- 1 J 



(20) 



In the following it is better to use 



F = 



13 



(21) 



so we set for simplicity 

a = F12, b = F13, c = Fu, d = F 23 , e = F 24 , f = F u . 



(22) 



Here we prepare the notations : for three three-dimensional vectors x, y, z we set the inner 
products, exterior products and scalar triple product respectively as 

(xy) = x • y, (xx) = x 2 , (yy) = y 2 , 
[xy] ExAy, etc, 

|xyz| = (x [yz]) = x ■ y A z = |x, y, z|. 
Now we write down a useful relation : for 

A = a l ai + a 2 a 2 + a 3 a 3 =>- a = (a 1 , a 2 , a 3 ) T 

we have 

A 2 = {(a 1 ) 2 + (a 2 ) 2 + (a 3 ) 2 } 1 2 + a l a 2 {a u a 2 } + aV^i, (j 3 } + a 2 a 3 {(7 2 , a 3 } 

= {(a 1 ) 2 + (a 2 ) 2 + (a 3 ) 2 }l 2 = a 2 l 2 . (23) 



By way of trial we define the universal Yang-Mills action A like 

Afos = Tr e^ 
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(24) 



with (fTHj). where g is a coupling constant. Here, to avoid a confusion we used the notation Tr 
not tr in Q because each component of T in ()18j) is a matrix. 



I ace I + Ibcfl + Idefl) A+ 



Let us calculate the right hand side of (j24j) . which is hard task this time. The characteristic 
polynomial of gT is 

= \\E-gT\ 

Al 2 -gF 12 -gF 13 -gF 14 

gF 12 Al 2 -gF 23 -gF 2i 

gF 13 gF 23 \1 2 -gF 34 
gF u gF 24 gF 3A Al 2 

A 4 + g * ( a 2 + b 2 + c 2 + d 2 + e 2 + f 2 ) A 2 - 2^ 3 (|abd| 
g A PF(F)f (25) 

where PF(jF) is the Pfaffian of T and is given by 

PF(J^) = a 2 f 2 + b 2 e 2 + c 2 d 2 - 2 {(ab)(ef) - (af)(be) + (ae)(bf) - (ac)(df) + 

(af ) (cd) - (ad) (cf ) + (be) (de) - (be) (cd) + (bd) (ce) } . (26) 

In the calculation the relation (|2~3j) plays an important role. 
Here by neglecting the A-term 3 we have 

# + g 2 ( a 2 + b 2 + c 2 + d 2 + e 2 + f 2 ) t + g 4 PF(F) = 

for t = A 2 . Let us calculate the discriminant 



D = g 4 (a 2 + b 2 + c 2 + d 2 + e 2 + f 2 ) - 4(? 4 PF(^) 2 
= g ± {a 2 + b 2 + c 2 + d 2 + e 2 + f 2 + 2PF(^)} 
{a 2 + b 2 + c 2 + d 2 + e 2 + f 2 - 2PF(^)} 



x 



3 we can formally solve l|25|l by use of the formula given by Ferrari or Euler, see for example |10| 
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Here we define 



X 2 d = {(a-f) 2 + (b + e) 2 + (c-d) 2 }, 
^L = {(a + f) 2 + (b-e) 2 + (c + d) 2 } 



for the latter convenience. For 



X 2 sd Xl sd = {(a - f) 2 + (b + e) 2 + (c - d) 2 } {(a + f) 2 + (b - e) 2 + (c + d) 2 } 



a long calculation leads to 



D ~ 9 4 Xl d Xl sd =-4g* [([af] - [be] + [cd]) 2 

-4{([ab][ef])-([ac][df]) + ([bc][de])}]. 



Therefore we have 



Since 



the equation 



gives 



and so 



Therefore 



D = g X sd X asd mod {Exterior Products}. 



|abd| + | ace | + |bcf | + |def | = mod {Exterior Products}, 



= \\E — gT\ mod {Exterior Products} 



y-2 i y-2 / v2 -y2 \2 

,2 , 2 sd * asd i , iK^asd ^-asd) 



t' + g< 



H + g* 



16 



t± — — ^— ( K X sd =f X asd j . 



— ^{X s d + X asd ), A 2 — —i^(X sd + X asd ), 
A3 = i^{X sd — X asd ), A 4 = — i^(X sd — X asd ). 

That is, the solutions are {Ai, Ai, A2, A2, A3, A3, A4, A4} because they are two-fold. 
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Finally we obtain the desired result 



Afos = Tr e g:F mod {Exterior Products} 
= 2 (e Al + e Aa + e A4 + e V 



□ / X s d\ ( X asd \ 
= 8 cos q cos q 

= 4trcos^-|^)cos(#— . (33) 

A comment is in order. We would like to point out a similarity between our idea and a 
topic in Topology. The first homology group Hi(M, Z) of M is an abelian group, while the first 
homotopy group (fundamental group) tt\{M) of M is in general non-abelian. However, there 
is a famous relation 

#i(M, Z) = 7r 1 (M)/[7r 1 (M),7Ti(M)] = tt^M) mod MM), vr^M)] 

where [tti(M), 7Ti(M)] is the commutator subgroup generated by {aba^b^ 1 \ a, b G 71"! (M)}. 
See for example [SJ. Our method is a kind of abelianization. 

It should be noted that the gauge groups of our model are restricted to U(l) and SU(2), 
which is of course not enough and we must treat the general SU (n) for nGN. It is natural to 
conjecture 

A A +■ ( X s d\ ( X asd 

Afos = 4 tr cos I g— I cos I ^— 
with 

Fij : U C M — > su(n), 

^sd = (-^12 — -^34) 2 + (-^13 + F24) 2 + (F 14 — F 23 ) 2 , 

*L = (*ia + F u f + (F 13 - F 24 ) 2 + (F u + F 23 ) 2 . 

At the present time we don't know how to derive this action from a curvature matrix like 
|T8j) . We leave it to some readers as a challenging problem. 
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Our model is also based on four dimensional manifolds M, which is too restrictive in the 
view point of M-theory or F-theory. We want to generalize M to a 4n-dimensional manifold 
and treat an action like (|HSJ). 

Moreover, it may be interesting to apply our method to non-commutative Yang-Mills theory 
(for example [7], [S]), which is however beyond our scope in this paper. 

5 Discussion 

In this letter we presented the non-linear generalization of the Yang-Mills theory which is 
different from the Born-Infeld theory. Our action is related to a Chern Character, while that 
of Born-Infeld is related to a Chern class. Our model has an advantage. 

Details of the paper and further developments including some quantization will be published 
elsewhere 0. 

Last let us make a brief comment. We are studying a quantum computation based on Cavity 
QED whose image is 




The general setting for a quantum computation based on Cavity QED : 
the dotted line means a single photon inserted in the cavity and 
all curves mean external laser fields subjected to atoms 

See |T2*j in detail. Usually it is based on two level system of atoms. However, to take a 
multi level system of them into consideration may be better from the view point of decoherence 
which is a severe problem in quantum computation. 
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It seems that the universal Yang-Mills theory developed in this paper gets on well with a 
quantum computation based on four level system, see for example [T3], [H]. 

The gauge theory is useful even in quantum computation. This has been pointed out by 
Fujii PHj, PH] in the context of Holonomic Quantum Computation. In a forthcoming paper we 
want to point out a deeper relation between the gauge theory and some quantum computation 
(Cavity QED quantum computation if possible). 
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